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Abstract 

In this note we study the finite groups whose subgroup lattices are 
dismantlable. 
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1 Introduction 

The relation between the strnctnre of a gronp and the structnre of its lattice 
of snbgronps constitntes an important domain of research in gronp theory. 
The topic has enjoyed a rapid development starting with the first half of the 
20th centnry. Many classes of gronps determined by different properties of 
partially ordered snbsets of their snbgronps (especially lattices of (normal) 
snbgronps) have been identified. We refer to Suznki’s book [9], Schmidt’s 
book [7] or the more recent book m by the anthor for more information 
abont this theory. 

A finite lattice L of n elements is called dismantlable if there is a chain 
Li <Z L 2 C ... G Ln = L of snblattices of L snch that |Lj| = i, for all 
i = 1,2 ,..., n (see EE]). It is well-known that every lattice with at most 
seven elements is dismantlable, while for every integer n > 8 there is a lattice 
of n elements which is not dismantlable. Two basic properties of these lattices 
are the following: 
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- The class of dismantlable lattices is closed under the formation of sub¬ 
lattices and homomorphic images. 

- If a dismantlable lattice is not a chain, then it contains at least two 
incomparable doubly irreducible elements. 

Several characterizations of dismantlable lattices are known. One of the 
most signihcant is given by [5] and nses some particnlar partially ordered 
sets, namely crowns. Recall that for an integer n > 3, a crown of order 
2n is a poset {xi, yi, X 2 , y 2 , ■■■, Vn} in which Xi < yi for all z = 1, 2,..., n, 
Vi > for all z = 1,2, ...,zz — 1, and xi < z/„ are the only comparability 
relations. 

Theorem 1.1. A finite lattice is dismantlable if and only if it contains no 
crown. In particular, a finite modular lattice is dismantlable if and only if it 
contains no crown of order 6, or, equivalently, no sublattice isomorphic to 
the boolean lattice 2^. 

The connections between dismantlable lattices and planar lattices (i.e. 
lattices having a planar diagram) are powerfnl (see [HH]). In this way, every 
hnite planar lattice is dismantlable. The converse is not necessary trne, more 
precisely for every integer n > 9 there is an n-element dismantlable lattice 
which is not planar. However, for distribntive lattices the above two concepts 
are eqnivalent. 

Theorem 1.2. A finite distributive lattice is dismantlable if and only if it is 
planar. 

Starting with the lattice-theoretical concept of ’’planar lattice”, in [8] the 
classihcation of hnite gronps whose snbgronp lattices are planar has been 
made, namely: 

Theorem 1.3. A finite group G has planar subgroup lattice if and only if it 
satisfies one of the following properties {where p and q are primes, zz G Nq 
and m G N): 

a) G is cyclic of order orp^q^. 

b) G is a p-group lattice-isomorphic to x Zp . 

c) G is dihedral of order 8 or quaternion of order 8 or 16. 
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d) G = PQ, where P ^G, \P\ = p, Q is cyclic of order q^, and 
\Q-.CQ{P)\=q. 

e) G = PQ, where P ^G, |P| = p^, \Q\ = q, and Q operates irreducibly 
on P. 

Inspired by the above classification and because dismantlable lattices and 
planar lattices are closely connected, the following question is very natural: 

Which are the finite groups G with dismantlable subgroup lattices^ 

This suggests us to consider the class V of groups satisfying the above pro¬ 
perty. Obviously, finite groups with at most seven subgroups are contained 
in P, but at first sight it is difficult to determine all finite groups in P. 
Therefore they must be investigated more carefully. Their study is the main 
goal of the current note. 

Most of our notation is standard and will usually not be repeated here. 
Basic definitions and results on lattices and groups can be found in |21 E] and 
©□TO], respectively. 

2 Main results 

We start with the following easy but important lemma. 

Lemma 2.1. Let G be a finite group in P. Then all elements of G are of 
order p” or p'^q'^, where p, q are primes and n, m G N. 

Proof. Let a E G. Then L{{a)) is a sublattice of L{G) and consequently it 
is dismantlable. Since T((a)) is also distributive (see e.g. Corollary 1.2.4 of 
m), we infer that it is planar by Theorem 1.2. Moreover, Theorem 1.3 shows 
that o(a) = I (a) I is of type p'^ or p^q^, as desired. □ 

It is clear that the groups An for n < 4 and Sn for n < 3 belong to P. On 
the other hand, we can easily check that the subgroups Hi = ((12)(34)), Ki = 
((125),(12)(34)), H 2 = ((25)(34)), = ((143), (25)(34)), H, = ((13)(25)) 

and K 3 = ((15234), (13)(25)) form a crown of order 6 in A^, while the sub¬ 
groups Hi = ((12)), Ki = ((123), (12)), H 2 = ((13)), K 2 = ((134), (13)), 
H 3 = ((14)) and = ((124), (14)) form a crown of order 6 in 5*4. Con¬ 
sequently, A^ and 5*4 are not contained in P. These remarks lead to the 
following result. 
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Theorem 2.2. The alternating group is contained in V if and only if 
n < A, while the symmetric group Sn is contained in V if and only if n <3. 

Next we will focus on describing abelian groups G contained in V. Since 
the subgroup lattice of an abelian group is modular, Theorem 1.1 implies that 
G belongs to V if and only if L{G) does not contain sublattices isomorphic 
to the boolean lattice 2^. We remark that for abelian p-groups this condition 
is equivalent with the fact that G has no section of type {p,p,p), i.e. it is of 
rank < 2. 

Theorem 2.3. A finite abelian group G belongs to V if and only if either it 
is cyclic and |G| G where p,q are primes and n,m eN, or G is 

a rank 2 abelian p-group. 

Proof. The subgroup lattice of a cyclic group of order or p”g™ is planar 
by Theorem 1.3 and therefore such a group is contained in V. On the other 
hand, we already have seen that rank 2 abelian p-groups belong to V. 

Conversely, assume that G is contained in V. Then Lemma 2.1 and the 
above remark show that either G is an abelian p-group of rank < 2 or a direct 
product of two p-groups, say G = Gi x G 2 with |Gi| = p” and IG2I = g™, 
n,m eN*. In the second case if both Gi and G 2 are cyclic, so is G and we are 
done. Assume now that Gi is not cyclic and take two maximal subgroups M 
and M' of Gi. Then it is easy to see that the subgroups Hi = M, Ki = Gi, 
H2 = M', K2 = M' X G2, H3 = {Mn M') X G2 and = M x G2 form a 
crown of order 6 of L{G), a contradiction. This completes the proof. □ 

An immediate consequence of Theorems 1.3 and 2.3 is the following. 

Corollary 2.4. For every integer n = p™', where p is a prime and m > A, 
there is a not-planar dismantlable lattice of n elements which is isomorphic 
to the subgroup lattice of a certain finite abelian p-group. 

We also observe that almost the same thing can be said about nilpotent 
groups contained in "D, namely: 

Theorem 2.5. Let G be a finite nilpotent group contained in V. Then either 
G is cyclic and |G| G {p”, p'^q^}, where p, q are primes and n,m eN, orG is 
a non-cyclic p-group which does not contain abelian sections of type (p,p, p). 
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Unfortunately, we were not able to determine all non-cyclic p-groups with 
the above property. It is obvious that this is satisfied by rank 2 abelian p- 
groups, but several non-abelian p-groups also satisfy it, as shows the following 
theorem. 

Theorem 2.6. All finite p-groups having a cyclic maximal subgroup are con¬ 
tained in V. In particular, the non-abelian p-groups M(jA), D 2 ^, Q 2 ^ for 
n > 3, and QD 2 n for n> A are contained in T). 

Proof. Let n > 3 be an integer and denore by Qn the class of p-groups of 
order p” possessing a cyclic maximal subgroup. This contain the cyclic p- 
group Zpn, the abelian p-group Zp x Z^n-i, as well as the non-abelian p-groups 
described exhaustively in Theorem 4.1 of |T0], II: 

- the modular p-group 

M(p”) = {x,y \ x^" ^ = y^ = 1 , y~^xy = x^" 
where n > 4 for p = 2, 

- the dihedral group 

Dan = {x,y\ x"^" ' = p2 = X, yxy = x~^), 

- the generalized quaternion group 

Q 2 ’^ = {x,y\x =y = 1, yxy =x ), 

- the quasi-dihedral group 

QD 2 r^ = {x,y \ x =y =1^ yxy = x ), 
where n > 4. 

Notice that for every non-cyclic p-group G & Qn have |G : 4’(G')| = p^. 
Moreover, all maximal subgroups of a group in Qn belong to Qn-i- 

We will prove by induction on n that Qn is included in T). Clearly, this 
holds for n = 3. Assume now that n is a minimal positive integer such that 
Qn^P and take G & Qn\T^- Let {Hi, Ki, H 2 , K 2 ,..., Lfm, Km\ be a crown 
of order 2m in L{G). By our assumption, we infer that there is no maximal 
subgroup M of G such that Ki O M for alH = 1, 2,..., m. Thus there exist 
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at least two maximal subgroups Mi and M 2 of G containing subgroups in 
the set fC = Since every Hi is included in the intersection 

of two subgroups in /C, it follows that we can choose Hi^ 7 ^ Hi^ which are 
contained in Mi fl M 2 = *h(G). In other words, the cyclic p-group *h(G) 
contains two incomparable subgroups, a contradiction. □ 

An important class of hnite nilpotent groups is constituted by hamiltonian 
groups, that is non-abelian groups all of whose subgroups are normal. The 
structure of such a group H is well-known, namely 

M = Qs X X A, 

where Qs is the quaternion group, n E N and A is a hnite abelian group 
of odd order. By Theorem 2.5 we easily infer that if H belongs to H, then 
n = 0 and A is trivial. In this way, a nice characterization of Qs is obtained. 

Corollary 2.7. The quaternion Qs is the unique hamiltonian group con¬ 
tained in V. 

In d) and e) of Theorem 1.3 two types of semidirect products of orders pq^ 
and p^g, respectively, have been presented. These belong to V because their 
subgroup lattices are planar. We end our note by studying the containment 
to H for other remarkable semidirect products: dihedral groups (notice that 
these are not of type d) or e)). Recall that the dihedral group D 2 n is the 
symmetry group of a regular polygon with n sides and it has the order 2 n. 
The most convenient abstract description of D 2 n is obtained by using its 
generators: a rotation x of order n and a rehection y of order 2. Under these 
notations, we have 


D 2 n = {x,y \ = y‘^ = 1, yxy = x ^). 

The subgroup structure of D 2 n is precisely known: for every divisor d or n, 
D 2 n possesses a subgroup isomorphic to Z^, namely (xd), and ^ subgroups 
isomorphic to D 2 d) namely {xd ,x^~^y), i = 1,2 ,..., ^ . 

Theorem 2.8. The dihedral group D 2 n is contained in V if and only if n is 
of type p™, where p is a prime and m eN. 

Proof. Assume hrst that D 2 n G T>- By Lemma 2.1 we infer that n = 2^p™' 
with p an odd prime and k,m E fl. If m = 0, then n is of the desired 
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type. For m > 1 we will prove that /c = 0. Suppose k > 1. Then it is 
easy to see that the subgroups Hi = Ki = , y), H2 = (y), 

K2 = {x^ ,y), H 3 = ) and K3 = {x) form a crown of order 6 in L{D2n), 

a contradiction. 

Conversely, we already know that D2m+i belongs to V by Theorem 2.6. 
Therefore we can assume that p is odd. We will prove by induction on m that 
D 2 pm is also contained in P. This is obviously true for m = 1 since D 2 p and 
ZpXZp are lattice-isomorphic. Let m be minimal with the property D 2 pm ^ H 
and take a crown of order 2 r in L{D2pm), say {Hi,Ki,H2,K2,...,Hr,Kr}. We 
observe that the maximal snbgronps of D 2 pm are {x) = hpm and {x^, x^~^y) = 
D 2 pm-i, i = Since by indnctive hypothesis all iFj’s cannot be 

contained in the same maximal subgronp of D2pm and by using a similar 
argnment as in the proof of Theorem 2.6, one obtains that there are Hi 7 ^ Hj 
included in $(^ 2 ^’")- Bnt ^{D 2 pm) = (x^) = Z^m-i is cyclic, a contradiction. 
Hence D 2 p m eV. □ 

Finally, we indicate a natnral open problem concerning the above stndy. 

Open problem. Characterize arbitrary hnite gronps G contained in H. Is 
it trne that all these gronps are metacyclic? 

Acknowledgments. We are gratefnl to Professor Roland Schmidt for his 
advices on the first version of onr note. 
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